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Abstract
We calculate the effective Komar angular momentum for the Kerr-Newman (KN) black
hole. This result is valid at any radial distance on and outside the black hole event horizon.
The effcetive values of mass and angular momentum are then used to derive an identity
(Kχµ = 2ST ) which relates the Komar conserved charge (Kχµ) corresponding to the null
Killing vector (χµ) with the thermodynamic quantities of this black hole. As an application
of this identity the generalised Smarr formula for this black hole is derived. This establishes
the fact that the above identity is a local form of the inherently non-local generalised Smarr
formula.
1 Introduction
For a spacetime endowed with symmetries, one can define Killing vectors corresponding to each
of these symmetry directions. One major application of these Killing vectors is to find the
constants associated with the motion along some geodesic. This is often done by exploiting the
Komar expressions of conserved quantities[1] which can be written in a covariant form. For
example, the Kerr-Newman spacetime has two Killing vectors ξµ(t) and ξ
µ
(φ) (t being the time axis
and φ is the azimuthal angle). Therefore one has two conserved quantities, namely mass (M)
and angular momentum (J) corresponding to these Killing vectors. By construction, mass and
angular momentum of a asymptotically flat spacetime are defined with respect to an observer
situated far away from the horizon and not influenced by the spacetime curvature. However, as
one approaches towards the event horizon the surrounding spacetime no longer remains flat and
therefore the earlier results get modified.
Indeed the effective mass (conserved quantity corresponding to ξµ(t) which is asymptotically
timelike) of the Kerr-Newman black hole, as calculated by Cohen and DeFelice [2], is given by
Meff =M − Q
2
2r
− Q
2(r2 + a2)
2ar2
tan−1
(a
r
)
. (1)
This result is also consistent with the observed value of mass at asymptotic infinity, as, lim
r→∞
Meff =
M . For a = 0 we get the Reissner-Nordstrom black hole for which MRNeff = M − Q
2
r
[6] and
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for the chargeless case (Kerr black hole), Meff = M is satisfied at any distance from the event
horizon. Both the Reissner-Nordstrom and the Kerr-Newman black hole, when reduced to the
Schwarzschild case, give the same limiting value of the effective mass MScheff = M . Comparing
with the Schwarzschild case, it is evident from (1) that there are two extra terms in the expres-
sion of the effective mass of the Kerr-Newman black hole which come from the charge (Q) and
the reduced angular momentum (a = J
M
). One term is purely elctrostatic energy (Q
2
r
) contained
within a sphere of radiuas r. There is another term where the reduced angular momentum is
coupled with the electric charge of the black hole. This term vanishes both for chargeless and
irrotational black holes. This coupling term is often called a gravito-electric effect. Both these
contributions vanish at infinity and one recovers the asymptotic value of mass.
In this paper we first evaluate the Komar integral corresponding to the vector ξµ(φ) at a finite
radial distance for Kerr-Newman spacetime. This integral is performed at the boundary of a
spatial 3-hypersurface. This boundary is chosen to be consists of time-synchronised events only.
Due to this choice we are able to calculate the Komar integral at a finite r for this non-static
spacetime. The result for effective angular momentum follows from this calculation. Then using
the effective values of Komar conserved charges we derive a new identity Kχµ = 2ST at the
event horizon. Here the left hand side is the Komar conserved quantity corresponding to a null
Killing vector χµ and S, T are black hole entropy and Hawking temperature respectively. We
also connect this identity with a similar relationship E = 2ST (E is the Noether charge of the
diffeomorphism symmetry) which is found to be satisfied at any timelike Killing horizon of a
static spacetime [7, 8, 9, 10, 11]. This horizon infact need not be a black hole event horizon, it
can also be of Rindler type. However the validity of such an identity for a nonstatic spacetime
is not obvious. Nevertheless our work suggests the validity of this identity with appropriate
interpretation of E in terms of Komar conserved quantities. As a byproduct of this identity
we derive the generalised Smarr formula for the Kerr-Newman black hole. Finally we explain
the use of effective expressions of Komar integrals in finding the coefficient of the logarithmic
correction to semiclassical black hole entropy for the Kerr-Newman black holes.
2 Effective values of Komar conserved charges for the Kerr-
Newman metric
The spacetime metric for the Kerr-Newman black hole, in Boyer and Lindquist coordinates, is
given by
ds2 = gijdx
idxj = −∆Σ
A
dt2 +
Asin2θ
Σ
(dφ −Ωdt)2 + Σ
∆
dr2 +Σdθ2 (2)
where
Ω = − a
A
(Q2 − 2Mr) (3)
Σ = r2 + a2cos2θ (4)
∆ = r2 + a2 +Q2 − 2Mr (5)
A = Σ(r2 + a2)− a2(Q2 − 2Mr)sin2θ. (6)
Now to find the conserved quantities for this space time one needs to use the Komar expressions.
There are two expressions for two Killing vectors–one leads to mass and other gives the angular
momentum. The effective Komar mass, in a coordinate free notation is defined as [2, 3, 4, 5]
Kξµ
(t)
=Meff = − 1
8pi
∫
∂Σ
∗dσ, (7)
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where Kξµ
(t)
is the Komar conserved quantity corresponding to the time-Killing one form σ =
ξ(t)µdx
µ = g0µdx
µ = g00 dt + g03 dφ and
∗dσ is the dual to the two form dσ. Using this, the
integration (7) was computed earlier in [2] to find the effective mass (1).
Following a method similar as [2], we now proceed to calculate the effective angular momen-
tum for the Kerr-Newman spacetime, as measured by a local observer situated at some arbitrary
radial distance r.
The Komar definition of the conserved quantity, corresponding to the spacelike Killing vector
ξ
µ
(φ), in a coordinate free notation is given by
Kη = − 1
8pi
∫
∂Σ
∗dη (8)
where the spacelike Killing one form is defined as
η = ξ(φ)µdx
µ = gµ3dx
µ = g03(r, θ)dt+ g33(r, θ)dφ. (9)
Differentiating the above equation we find
dη =
∂g03
∂r
dr ∧ dt+ ∂g03
∂θ
dθ ∧ dt+ ∂g33
∂r
dr ∧ dφ+ ∂g33
∂θ
dθ ∧ dφ (10)
Instead of working with dt, dr, dθ, dφ it is important to work with the following orthonormal one
forms [2]
κˆ0 = −
(
∆Σ
A
) 1
2
dt
κˆ1 =
(
Σ
∆
) 1
2
dr
κˆ2 = Σ
1
2 dθ
κˆ3 =
(
Asin2θ
Σ
) 1
2
(dφ− Ωdt)
Using the inverse relations
dt = −
(
A
∆Σ
)1
2
κˆ0
dr =
(
∆
Σ
) 1
2
κˆ1
dθ =
(
1
Σ
) 1
2
κˆ2
dφ =
(
Σ
Asin2θ
) 1
2
κˆ3 −Ω
(
A
∆Σ
) 1
2
κˆ0 (11)
we write (10) as,
dη = λ10κˆ1 ∧ κˆ0 + λ20κˆ2 ∧ κˆ0 + λ13κˆ1 ∧ κˆ3 + λ23κˆ2 ∧ κˆ3 (12)
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where
λ10 = −∂g03
∂r
A
1
2
Σ
− ∂g33
∂r
Ω
A
1
2
Σ
λ20 =
∂g03
∂θ
1
Σ
(
A
∆
) 1
2
− ∂g33
∂θ
Ω
Σ
(
A
∆
)1
2
λ13 =
∂g33
∂r
1
sinθ
(
∆
A
) 1
2
λ23 =
∂g33
∂θ
1
sinθ
(
1
A
) 1
2
(13)
The dual of (12) is
∗dη = −λ10κˆ2 ∧ κˆ3 + λ20κˆ1 ∧ κˆ3 + λ13κˆ2 ∧ κˆ0 − λ23κˆ1 ∧ κˆ0 (14)
Using (11), above equation is written in usual coordinate two form as,
∗dη = δrtdr ∧ dt+ δθtdθ ∧ dt+ δrφdr ∧ dφ+ δθφdθ ∧ dφ (15)
where
δrt = −λ20Ω
(
Asin2θ
∆
) 1
2
+ λ23Σ
(
1
A
) 1
2
δθt = −[λ13Σ
(
∆
A
) 1
2
− λ10Ω
√
Asinθ]
δrφ = λ20
(
Asin2θ
∆
) 1
2
δθφ = −λ10
√
Asinθ (16)
To calculate the effective Komar angular momentum (8) one needs to choose an appropriate
boundary surface (∂Σ). It is the boundary of a spatial three volume (Σ) characterised by a
constant r and dt = − g03
g00
dφ. Under this condition (15) is simplified as
∗dη = −g03
g00
δθtdθ ∧ dφ+ δθφdθ ∧ dφ (17)
Now substituting (17) in (8), we find the expression of Komar angular momentum as,
Kξµ
(φ)
=
1
8pi
∫
g03
g00
δθtdθdφ− 1
8pi
∫
δθφdθdφ (18)
Moving along a closed contour, the first term of the right hand side gives the shift of time between
the initial and the final events. Since we are performing an integration over simultaneous events
this term must be subtracted from (18) [12, 2]. So we write the above equation as,
Kξµ
(φ)
=
1
8pi
∫
λ10
√
Asinθdθdφ (19)
where we have used the relation (16). Substituting λ10 from (13), we write the above expression
as
Kξµ
(φ)
=
1
8pi
∫ (
−Ω∂g33
∂r
− ∂g03
∂r
)
Asinθ
Σ
dθdφ (20)
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Using the metric coefficients
g03 =
a(Q2 − 2Mr)sin2θ
r2 + a2cos2θ
(21)
g33 =
sin2θ
(
(a2 + r2)(r2 + a2cos2θ)− a2(Q2 − 2Mr)sin2θ)
r2 + a2cos2θ
(22)
we find,
Kξµ
(φ)
=
1
4
∫
2a
(r2 + a2cos2θ)2
[r3(2Q2 − 3Mr) + ra2(Q2 −Mr) +
a2(a2M + r(Q2 −Mr))cos2θ]sin3θdθ (23)
After performing the integration we find the Komar conserved quantity corresponding to the
spacelike one form η, given by,
Kξµ
(φ)
= −
(
2aM +
rQ2
2a
− aQ
2
2r
− Q
2(a2 + r2)2
2a2r2
tan−1(
a
r
)
)
(24)
Taking the asymptotic limit one finds lim
r→∞
Kξµ
(φ)
= −2Ma. This is different from the angular
momentum of Kerr-Newman black hole J = Ma 1. Therfore in order to derive the correct
expression of angular momentum the normalisation of (8) should be changed accordingly. Thus
our result (24) is divided by −2 to get the correct result of effective angular moentum, which
yields,
Jeff =Ma+
rQ2
4a
− aQ
2
4r
− Q
2(a2 + r2)2
4a2r2
tan−1(
a
r
) (25)
This is a new result and shows at finite radial distance the angular momentum of the Kerr-
Newman black hole gets modified from its asymptotic value J = Ma. In fact similar to Meff in
(1), Jeff also is always less than its asymptotic value. All the extra contributions appearing here
are due to the presence of electromagnetic matter field outside the black hole event horizon.
Note that in the chargeless case all other terms vanish and therefore one can conclude that for
rotating Kerr spacetime angular momentum is unchanged with the variation of radial distance.
In the irrotational limit, i.e. a = 0, the expression (25) vanishes which is reassuring.
3 Application of effective Komar conserved quantities
After getting the expressions of Komar conserved quantities (1,24) for the Kerr-Newman space-
time we now use them to derive some important results at the black hole event horizon (r = r+).
This will enable us to understand some fetures of black hole physics in a transparent manner.
3.1 The identity Kχµ = 2ST
We have already mentioned that the Kerr-Newman spacetime is an axially symmetric spacetime
and it has two Killing vectors. These two vectors ξµ(t) = (1, 0, 0, 0) and ξ
µ
(φ) = (0, 0, 0, 1) are
respectively timelike and spacelike in the asymptotic limit. Although none of these two vectors
are globally hypersurface orthogonal timelike vectors, the combination of these two vectors
χµ = ξµ(t) + Ωξ
µ
(φ) = (1, 0, 0,Ω) is timelike in the entire spacetime (outside the event horizon)
[6, 14]. However this is not a Killing vector for arbitrary r because of the fact that the angular
velocity (Ω), even for a fixed r depends upon the polar angle θ. Only at the event horizon,
1For a possible justification for the anomalous factor 2 see [13].
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r = r+ = M +
√
M2 − a2 −Q2, Ω = ΩH = ar2++a2 is a constant and χ
µχµ|r+ = 0, thus χµ
becomes a null Killing vector. Thus the event horizon of the Kerr-Newman black hole is also a
Killing horizon with respect to the Killing vector,
χµ = ξµ(t) +ΩHξ
µ
(φ) (26)
Now we shall use (1) and (24) to derive a new identity at the black hole event horizon. Since
χµ is Killing at the event horizon we can define the Komar conserved quantity corresponding to
this vector, given by
Kχµ = − 1
8pi
∫
∂Σ
∗dχ. (27)
Using (26) this can be written as
Kχµ = Kξµ
(t)
+ΩHKξµ
(φ)
. (28)
Using the expression ΩH =
a
r2++a
2 together with (1) and (24) in the above equation we find,
Kχµ = M − 2
a2
r2+ + a
2
M − Q
2r+
r2+ + a
2
(29)
Using the expression of r+(r+ =M +
√
M2 − a2 −Q2) we simplify the above equation to write
it in the form
Kχµ =
√
M2 − a2 −Q2 (30)
= 2
(
pi
(
2Mr+ −Q2
))(√M2 − a2 −Q2
2pi (2Mr+ −Q2)
)
(31)
Since the expressions for entropy and temperature for this black hole are
S = pi
(
2Mr+ −Q2
)
(32)
T =
√
M2 − a2 −Q2
2pi (2Mr+ −Q2) (33)
we finally obtain the identity
Kχµ = 2ST (34)
This result expresses the fact that at the event horizon the Komar conserved charge corre-
sponding to the null Killing vector is twice the product of temperature and entropy of the
Kerr-Newman black hole. Such a relation for this black hole was also derived in [10] by using a
different method.
To connect our result with the recent studies on the thermodynamic interpretation of gravity
we cite the works [7, 8, 9, 10, 11] where it has been shown that an identity E = 2ST is
always satisfied at the Killing horizon of a spacetime. Here E is the conserved Noether charge
corresponding to a diffeomorphic transformation of the metric. This relation has been proved
particularly for static local Killing horizon [9] which may or may not be a black hole event
horizon. However Kerr-Newman spacetime is nonstatic and therefore it is not clear whether
such a relation is still valid there or not. Nevertheless here we have explicitly derived a similar
relationship at the event horizon of Kerr-Newman black hole and showed that the left hand side
of the identity is directly associated with the Komar conserved charges.
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To understand the implication of the above identity we recall (29). Since the scalar potential
Φ at the event horizon is given by,
Φ =
Qr+
r2+ + a
2
(35)
(29) is written as
Kχµ =M − 2ΩHJ −QΦ (36)
In general, the temperature and entropy of a black hole can be written in terms of its surface
gravity (κ) and horizon area (AHorizon) as T =
κ
2pi and S =
A
4 . Using these results together with
(36) and the identity (34) we get
M − 2ΩHJ −QΦ = κAHorizon
4pi
(37)
This well known result is usually referred as the Smarr mass formula. In the literature there are
two well known methods of deriving this formula. One of which is due to the original work of
Smarr [16] and the other one is proposed by Bardeen, Carter and Hawking [17]. Among these
the first one [16] is a metric dependent approach based on the concepts of Euler’s theorem of
homogenous function and the other one is metric independent approach [17]. In our method
this formula is a direct consequence of the identiy (34) whose root lies in the Komar integral
invariants associated with various Killing symmetries.
Note that, the relations (34) and (37) are not only different manifestations of an equation,
but also they are completely different with respect to its interpretation. While (34) is an identity
defined exactly at the event horizon, (37) includes some physical parameters which are defined at
distinct regions of the spacetime. For example, in (37) angular velocity (ΩH), surface gravity (κ),
horizon area (AHorizon) and electric potential (Φ) are defined at the black hole event horizon.
On the other hand mass (M) and the angular momentum (J) are defined at the asymptotic
infinity. Thus Smarr formula, as written in (37), is a non-local relationship. And the identity
(34) can be interpreted as a local version (37).
3.2 Leading correction to black hole entropy
It is interesting to see the use of effective Komar conserved quantities to find the higher order
corrections to the semiclassical Bekenstein-Hawking entropy. The corrected entropy of the Kerr-
Newman black hole, as found in a recent work [15] involving one of us, is given by
Scor = S + 2piβ1 logS − 4pi
2β2
S
+O(~2). (38)
By making an infinitesimal scale transformation to the black hole metric the unknown coefiicients
(βi) are found to be related with the trace anomaly (〈T µµ 〉i) of the energy momentum tensor .
Particularly the coefficient of the leading (logarithmic) correction is given by
β1 = −
√
M2 − a2 −Q2
4piω
Im
∫ √−g〈T µ µ〉(1). (39)
Here ω = Kξµ
(t)
|r=r+ +ΩHKξµ
(φ)
|r=r+ is the effective energy at the event horizon and 〈T µ µ〉(1) =
1
2880pi2 (RµνρσR
µνρσ − RµνRµν + ∇µ∇µR) is the trace anomaly of the scalar field in one loop
calculation. To calculate β1 we need to find ω. Using (1,24) we find ω =
√
M2 − a2 −Q2. In
[15] we found the same result for ω by using an approximation while in the present case it is
evaluated exactly. Finally substituting this value of ω in (39) and integrating over the trace
anomaly one can find β1 [15] and the leading correction to the black hole entropy.
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4 Conclusions
In this paper we found the effective angular momentum at any distance r for Kerr-Newman
(KN) spacetime. This was obtained by evaluating the Komar conserved expressions at the
boundary of a finite spatial surface of radius r. This boundary was chosen in such a manner
that it only contains the time synchronized events. This choice enabled us to evaluate the
Komar integrals without any asymptotic approximation. Using these effective expressions we
studied some important features at the black hole event horizon (EH). We found the null Killing
vector (χµ) at the EH and calculated the Komar conserved charge (Kχµ) corresponding to this
vector. Interestingly this conserved charge was found to be twice the product of entropy and
temperature of the black hole (Kχµ = 2ST ). Since KN space time is nonstatic in nature this
identity is a generalization of a similar relation E = 2ST which is known to be true for a static
spacetime. Thus in the present paper we made some progress in understanding the relation
between geometric and thermodynamic quantities of a spacetime. As an application of this
identity we derived the generalized Smarr formula for KN black hole in a very natural manner.
We also argued that the identity derived in this paper can be interpreted as a local form of the
non-local Smarr mass formula. Finally we used the Komar effective expressions to evaluate the
coefficient of the leading correction to black hole entropy.
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